GRUNWALD PROBLEM AND SOLVABLE DESCENT

COURSE: JULIAN DEMEIO
NOTES: ROSS PATERSON

DiscLaiMER. These notes were taken live during lectures. In particular, any
mistakes are the fault of the transcriber and not of the lecturer.

LECTURE 1

Let K be a number field, write X (Kq) := [[, X(K,). By a (RC) fibration we will
mean a smooth proper morphism with (rationally connected) geometrically integral
fibres.

Definition 1. For a smooth variety Y/K, we set Bry,(Y) := Br(Y®) for a(ny)
smooth compactification Y¢ of Y.

The theorem we will be focussing on is the following, which we will often refer
to as the fibration theorem.

Theorem 2 (Fibration theorem). Let f : X — Q be a rationally connected fibra-
tion, where Q = Rg kG, is a quasi trivial torus. Assume that T/K with

e T - Q=Qx, K epimorphism of tori; o
e there is a T-action on X = X X K such that f X K is T-equivariant.
Then

U Xq(AK).Br(Xq) — X(ng)]?rur(X)'
q€Q(K)
Here the o is to denote that at the archimedean components we only have the con-
nected components.

MOTIVATION

The Grunwald problem is the following. Let G be a finite soluble K-group, then
does

HY(K,G) - [[H' (K., G)
have dense image? Via the regular representation, G embeds in SL,,, so we have a
short exact sequence of pointed schemes
1—-G—SL, —»SL,/G — 1.

Taking Galois fixed points we have a commutative diagram

[1,(SLn/G)(Ky) — II, H'(K,, G)
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By Hilbert 90 the horizontals are surjective and so we know that the vertical image
of HY(K,G) lands in the image of the Brauer-Manin set so defining

[[#' . 6P =0 <H(SLn/G)(KU>B“m>

v

I will now explain how Harpaz—Wittenberg infer so-called “solvable descent” from
the fibration theorem.

DESCENT TYPES

Definition 3. Let X/K be a geometrically integral variety. A finite descent type
(FDT) is a finite cover Y — X7 which is irreducible and such that K(Y)/K(X) is
Galois. We say it is solvable, abelian, etc. if the Galois group is.

Definition 4. Let Y — X7 be a finite descent type. A torsor of type Y is a cover
Y — X such that Y xx K =Y as X7 -schemes.

Then we have

Theorem 5 (Harpaz—Wittenberg). Assume X is smooth, geometrically integral,
and Y /| X7 is a solvable FDT. Then if the fibration theorem holds,

U FO(Ea)Pre0) = X (Kq)Pr ()

fY—=X
type Y

Corollary 6.
(SL,,/G)(K) = (SL,,/G) (Kq)BrmmBLa/

Proof. Take Y = SL,, - Then all torsors of type Y are SL,, ;¢ by Hilbert 90, so
applying Harpaz—Wittenberg with X = SL,,/G and writing = : SL,, — SL,,/G we
have

7(SLy (Kq)Brur(SLa)) = (SL,, /G) (Kg) B (SLn/G)

It is known that SL,(K) is dense in SL,,(Kgq)B" k) and since the map  is a
closed map we must thus have

(SLa(K)) = (SLy/G) (Kq)PreEtn/),
Since 7(SL,(K)) C (SL,/G)(K), we have the claim. O
Idea of Proof. Roughly:

e One reduces to the abelian case by induction.

e Without loss of generality, X (Kq)B"(X) £ ) so that via Poitou Tate
(Y = X%, G) can be descended to a pair (Y — X,G/K) with G abelian.

e There is a short exact sequence (see Lemma 33)

1-G—->T—-Q—1
where T is a K-torus, and @ is quasitrivial. Let Z = (Y x T)/G

7z L sr16=0

lﬂ

Y/G =X
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Start with a Kq-point downstairs (z,), on X, approximate it with (),
and then lift it using open descent theory under tori to a point (z,), €
Z,(Kgq) for some o € H (K, T). That is, we are using that

U 7o (Zo(Ka)Bron(Z0)) = X (Kq)Bra(0
c€HY(K,T)

We may now apply the fibration theorem to a relative compactification of fy. Then
we can approximate (z,), € Z(Kq)P"»(%) with an adelic point on a fiber fi'(q)
for some ¢ € Q(K) which is unobstructed. This is basically the argument. O

HORIZONTAL BRAUER GROUP

We take a quick digression on derived categories. Let A be an abelian category
with enough injectives, and let Z C A be the full subcategory of injective objects.
Then we have a category of (unbounded) chain complexes Ch(A) in A. Quotienting
this category by homotopy of chain complexes we get K(.A), and then denote by

Dt (A) =K1 (2).
We write
o1 AT A s At o ) = (= 0 AY/im(A°) — A% — ).

Now for the horizontal Brauer group. Let f : X — Y be a fibration with Y
regular and integral.

Definition 7. The horizontal Brauer group is
Br,(X/Y) = H*(Y, 751 Rf.G,,).

We elaborate slightly on this construction, for the reader whose derived categories
are a little rusty. Take an injective resolution of étale sheaves on X

Ce:0>G,y, >Tog—>Th —-1Io— ...
and one of étale sheaves on Y
De: 0—-G,,—=To—>T1—To— ....

Then build the Cartan—FEilenberg double complex from f.Cy and D,, so you have
a double complex of sheaves on Y

Gp — fiZo fZh f+«Za
| | | |
Jo Aoo Ao1 Aoz
| | | |
Ji Ajo Ay Ao
| | | |
T2 Aso Aoy Aso

L
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Truncate this double complex via 7>1, here meaning that you are truncating columns,
so (after excluding the usual rows/columns) you have the complex of sheaves on Y’

Ao1/im(Ago) Aoz Aoz Ao
Ai1/im(Aqp) A Ais Aig
Agi /im(Aso) Ao Aas Aoy

By H2(Y, 7>1Rf.G,,) we mean take global sections and then the second total co-
homology (i.e. the second homology of the diagonal complex). Now, what do we
know about this horizontal Brauer group?

Theorem 8. The following holds.
(1) there exists a natural exact sequence

Br(Y) 5 Br(X) = Bry(X/Y) % H3(Y,Gn) L5 (X, Gn).

(2) If RC: Bryp(X/Y) = Bry(X,/y) for ally € H CY Hilbertian.
(3) If RC: If Y is a variety over K a number field (so H3(K,G,,) = 0), then
Brj, (X, /y) = Br(X,)/im(Br(K)) for ally € Y(K).

Proof. (1) We have an exact triangle
Gm = fiGm — Rf.Gp, = 751Rf.Gpy 5
applying H*(Y, —) we get
Br(Y) L5 H2(Y, Rf.Gp) = Br(X) — Bry,(X/Y) & H3(Y,Gn) 2 H3(X, Gy).
(2) We then take on X the exact sequence
1= oo 4G, = G, 2,Q =1

inducing an exact triangle on Y

T51Rfetioo = T51Rf:Grm = 751 R (G ©2 Q) 15 .
Now since f is an RC-fibration, the fibres are simply connected and so the homology
in degree 1 of the first complex satisfies R' f,1i0o = 0. The second on the right is
R?f.(G,, ® Q) = R?£.(G,,) ® Q = 0 since before tensoring this is torsion. Now
looking at cohomology in low degrees we can truncate in degrees 1 and 2 to get

T[Q]Rf*p,oo — T[LQ]Rf*Gm — T[l]Rf* (Gm (9 Q) Jr—1> .

We now rotate the triangle to get

T[l]Rf*(Gm ®RQ)[1] — T[Q]Rf*/ioo — T[l,g]Rf*Gm il—)

so replacing with homology we have

R'fu(Gr © Q)[2] = R?fupioo[2] = 1191 - .
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Okay, so we’re now going to take the hypercohomology for this exact sequence.
We get

H'"Y, 71 9Rf.Gy) = HY(Y, R' £,.G,,®Q) — H(Y, R? f.piec) — Brp(X/Y) — H' (Y, R' £.G,,®Q).

Here R'f.G,, = NSy, x. Let Y'/Y be an etale cover trivialising the Neron-Severi
scheme, then

HY(Gal(Y'/Y),R' f.G,(Y) ® Q) =0
and so we can erase the last term above and get
H'Y, 11,9 Rf.Gy) = H(Y, R' .Gy, ® Q) — H(Y, R? fipios) — Brp(X/Y) — 0.
We have

NS(X7) V) ——— H2(X7, poo)™ YY) ——— Bry,(X/Y) — 0

NS(Xg) S0/ s H2 (X, o) G210 /Y) —— By (X/Y) 0.

Finally, (1) —> (3) since H3 (K, Gu) = 0. -

FILTRATION ON HORIZONTAL BRAUER GROUP

Let f: X — Q be an (RC)-fibration with @ a quasitrivial torus. Define

b HSlg(Q,Gm) = ker(HS(Qma) - HS(@; Gm))
e maps r,n by

BrX —— Br,(X/Q) —2— H3(Q,G,,)

A
n Z‘,/’ l:

Ban — Brh(Xn/W) L} H3(777G7n)

here the equality follows from (2) of the previous theorem, since every open
contains such a point y. Hence we get the existence of the map 7.

We now define a filtration as follows.

FyBry, := r(BrX)

FBrj, .= r(BrX,)

F5Br;, = 8_1H§’Ig(Q7Gm)

FgBl“h = Bl“h

It is not yet clear that this is a filtration! We need the following.

Lemma 9. I Br;, C F5Bry,.
Proof.
O(Fy) C ker(H3(Q,Gr) = H*(n,Gyy))

- ker(Hg(Q, Gm) — Hg(ﬁa Gm))
= ker(H3(Q, Gm) — HB(Q Gm))
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where 7 = 1 x ¢ K. Here we have used injectivity of the second map in

Hg(Q7Gm) E— Hg(@7 Gm) Hg(ﬁa Gm)

: :

H3 (K[, . 65 ,G) —— H3 (K (ty, ... tn),Gp) —— H3(E((t1,. ..

which holds for tori: the composition of the bottom two maps is an isomorphism
by Gille and Pianzola (2008). O

LECTURE 2

Last time, we introduced a filtration on the horizontal Brauer group. Recall we
had this diagram

BrX —— Br,(X/Q) —2— H3(Q,G,,)

T
n [Pe l:

BrX, — Br(X,/n) —2= H*(1,Gy)

This middle isomorphism is very general and holds when f : X — Y is smooth
proper with geometrically integral fibres. Recall that Q = Rp,x @ is a quasitrivial
torus and we can ensure that F/K is Galois with I' = Gal(E/K) so that

Q = Spec(E[y:ser)".

Let Y = Yid-

REPRESENTATIVES FOR I Bry,

We take the following notations.

I =T\ {1}
T2l = {7‘ er* : 2= 1}
n=max{r : u, C E}
L2 = {7 €T'[2]* : Xoye(7) = £1 mod ged(8,n)}, note that this is the
set of elements which act as complex conjugation or the identity on Q((g).
Why should we be interested in this?

— ker (H'(K,BrQ) — H(K,Brn)) = (Z/2Z)%TR
0 if 7 & T[2]*
7)27Z if T e T[2]**

B

— For 7 € I'[2]* we have H'((1) ,Z/nZ(1)) = {

For 7 € T'[2]*
~ Q& BT = Spec(E[yF']2r) 2 {y =y}
— Z, C Q such that Z, @ E = |J,(Z2 ®g- E)°. We have K(Z;) =
E(22).
— Q* = Q\U, erpy- Zr-

In the sequel, we shall frequently use the identification K(Z,) = E7(ZY) =
Frac(E™[ys)oer/(y — y-)) to interpret y as an element of K(Z,).

If f

: X — @ is a fibration, with @ Galois quasitrivial as before, then write

Zl = f1(Z,).

1)), Gm)
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Definition 10. We define

g Oz e K(Z).0/D)
BI‘(X)+ i=4qbe€ BI‘f (Q ) : is ;plitrb[)é]yl/" .
TE .

Observe that an element of H'(K(Z.),Q/Z) is split by y*/™ if and only if it is
split by y'/" where n, = max {d : pa CE™}.

Theorem 11. The map r induces a surjection Br(X ), — F1Brp(X/Q).

ProvING THEOREM 11

Br(Q) := same way with Z. — Z,
=0\ o o
Br(Q), := same way with {Z. brerpe — {(ZT) }TGF[ e oer and y — vy
Proposition 12. We have
ker(H' (K, Br(Q)) — H' (K, Br (7)) = ker(H' (K, Br(Q)) — H' (K, (Br(Q))+))
Proof. Consider the commutative diagram (the rows are not exact!!)

HY(K,Br(Q)) — H'(K,Br(Q)4) —— H'(K,Br(7))

| | J

HY(E,Br(Q)) — H'(E,Br(Q)+) — H'(E,Br(7))

By Gille and Pianzola (2008), the composition of the bottom row is injective since
Br(7) =g Br(Q) ® M.

Claim: the second vertical above is also injective.
Proof of claim: Indeed, via inflation restriction it is enough to show that H (T, Br(Q) EE)

vanishes. Let
T r
< > = {{0,7’} € ( ) cor ! 6I‘[2]*(*)}
2 (%) 2

Br(Qy =Br(@e P @ Ul —y) - (Z/nZ)(-1)
{or}e(y)
Taking I'g invariants, note that

Br(Q) = (Q/Z)(-1)"*~ V72,

Then

* ok

and so B -
Br(Q)"* = Br(Q)[n]
and hence
Br(QY = P wuy)-@/mz)(-e @ @ Ul —y)-(Z/nZ)(-1)

{o.mye(3) {o.rye(y),,
Note the identity
-y U —y7)+y U —y )=y Uy’
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Doing some linear algebra with this we arrive at, for B, . := (y"Uy")-(Z/nZ)(—-1)
and Cy r := (y7 U (y" —y7)) - (Z/nZ)(—1), the identity

Br@Q4 = @  Boro P Con

{U’T}E(g)\(g)** 07*1067712[2]**

Note that C, , is an induced module from the trivial group, since the I'-action
permutes the basis freely, and so has trivial H!, so we only care about the B, ,
summand!

D  wuy)-@/nz)(-1)

{orre(IN(G),,
= P wuy)-@mm-ne H @uy)-(Z/nZ)(-1)
{o.rre(ON(5). {orre(2) \(2)..

= @ Ind?g)(yUyg) : (Z/’I’LZ)(—l),

gET[2]"\T[2]**
modulo induced modules, since I' again acts freely on the first summands, while

the isotropy group of an element {0, 7} € (g)*\(g)** is (o771). Hence

H'(Br@)) = @ H'((9),Z/nZ(-1)- (yUy))
ger(2)\r[2]~
=0

by the cohomological property of I'[2]** that we mentioned when introducing the
notation. ]

Let us now use this to prove the theorem.

Proof of Theorem 11. Define Q°P := Q\ (UTGF[Q]M ZT)Smg and X°P := f~1(Q°P).

Let j: Q% — Q° and j' : X7 = f~1Q% — X°P. Consider
Zop Lt Qop

Pz

Z, — 7!

where Z, is a finite étale cover splitting y'/™ and Z; is the pullback. Then let

Gm-‘,— =

G:Gp — @%*Z] € Ch(Shges)

Gm

j*G — @()DT* 1 € Ch ShXop)

Now we claim that H?(Q°P,G,,+) = Br(Q). Indeed, consider the triangle

Gy = 3G = P prnZ .
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Taking hypercohomology, we obtain
B H' Q% ¢r-Z) = HA(QP, Gy) = H(Q, 5.C) = D H(QP, 7. 7).

Via the Leray spectral sequence the first term is zero, moreover by Hilbert
90 R'5,G,, = 0 and by Gysin purity R?j,G,, = 0, and so the second H?-term
is Br(Q#). Finally the last H? via the Leray spectral sequence again becomes
@, H*(Z,,2) = @, H (Z,,Q/Z). The map Br(Q#) — @. H'(Z,,Q/Z) is the
residue map, and so the identity H?(Q°P,G,,;) = Br(Q), follows. Analogously
H?(X°P Gy ) = Br(X),.

Consider

Gy = REGmy =[Gy = REGnl1 5,

and let 7>1Rf.Gpt := [Gry — RG] 11 H1 We then get
Br(Q)+ — Br(X)+ — Hz(QOP»F;lRf*Ger) — H*(Q°P,Gpy)

Combining with the previous we obtain

Br(Q") —— Br(X°P) ——— Br(X?/Q?) ——— H(Q",Gy)

| | | |

BI‘(Q)+ E— BI‘(X)+ E— HQ(QOP,T21RJC*G7,L+) e Hg(QOp,Gm+)

| ! | !

Br(ny) —— Br(X,) ————— Bri(X,/n) —————— H3(,Gn).

If we replace the second column with F5Br, and the last columns with the
second pieces of the corresponding Hochschild—Serre filtrations, which all hap-
pen to inject into the (1,2)-terms of the corresponding second-pages (the groups
H3 (K, K[Q)%) = HY(K. K[Q)*), HY(K, HYQ™,Gps)) = HY (K, K[Q)*) =
H3(K,K[Q]¥), H*(K,K[n]*) vanish by Poitou Tate, and at the same time Pic Q°,
HY(Q°°,G,,4) = PicQ”, Pic7 also all vanish), we obtain:

Br(Q°°) — Br(X°P) ——— F,Br,(X°?/Q°?) —— H(K,Br(Q))

| ! | |

Br(Q);y —— Br(X)y —— FH*(QP, 751 Rf.Gpy) —— H'(K,Br(Q)4)

| ! | |

Br(n) —— Br(X,) —— FBr, (X, /n) —— HY(K,Br(%)).

do a diagram chase and you get the surjection claimed. O

MULTISECTION

Now we aim for the core of the main filtration theorem. The multisection will
be a way to create local points at places of bad reduction.

Notation 13. For Q = Rg/x G, with E/K Galois, we define for pairs (L, m)
with L/FE an étale algebra and p,, C L:

e QL™ := Spec (L [yéd/m]aeF>
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o QLm1) . Spec< [yiﬂ,yfl/m} ) )
ocel™*

Theorem 14. Let f : X — Q be a T-equivariant RC fibration for some torus T
as earlier in lecture 1. Then there exists the horizontal map in

QKo() = 4 x
\ if
0.
Moreover, s*(Br(X)4) = 0.

Lemma 15. Let C be a cyclic group acting on Y (assumed to be smooth proper
and rationally connected). Then Y (K)¢ # 0.

Proof. Wlog C = p,, then by Grabber-Harris—Starr there is a section of the map

Y x G,,
TL Gm/c = Gm
This section lifts to a section of
Y x G,, — G,

which is C-equivariant. Projecting now onto the Y-coordinate, the (limit) images
of 0 and oo are fixed points. ([

Proof of Theorem 14. (1) We use the action of the torus. We have maps

S TOX
\ |
Q0Q

and the right hand map is T' equivariant so ker(@OQ - Q) = 74, d = [E : K] acts

on the fibres, and contains ker(Q — Q 1))
some Z/mZ, and

= 7. The action factors through

T - @Oo =x- QOO,(l)
provides the multisection.

(2)

Br(X), =Br(X)e @ U@ —vy)) Z/nZ.
{o.7}e(5)

Under the map to Br(@oo’(l)) we lose the right hand summand. O

* ok

Corollary 16. For all B C Br(X)4 finite there is a pair (L,m) with m and L/E
finite and

QLmM) = X
\ lf
Q

such that s*B = 0.
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REDUCTION

Proposition 17. Assume that the fibration theorem holds when
(C1) Q =Rg/k G, with E/K Galois and letting n = max{m : pu,, C E}.
(C3) gryBry = 0.
(C3) exp(Bry) | n.
(Cy) Is: QL) 5 X and B C Br(X) with B — FyBry, such that s*b = 0.

Then the fibration theorem holds in general.

LECTURE 3

Last time we had f : X — @Q = Resg/xG,, with E/K finite Galois number field of
degree d. We created these representatives for the image of Br(X,),

Br(X)+ C Br(X,) = Brn(X/Q),

where we recall that for Q% = Q\ Urerz- Zr where Z is the Galois orbit of the
geometric divisor {y = y, }, we defined

Vrer(2**
Br(X)+ = {b S Brf_l(Q#) . 8fl(Z.r)_CT'(:a)n-,—}
for ¢, €Z/n,7Z(—1)
where n, = max{m : p, C E"} = max{m : u, C K(Z;)}. For L/E/K and
n:=max{r : u, C E} we had

QL,n,(l) L> X
\\\j;x if
Q.
where QL (1) = Spec (L[yil,ycjrd/n]aer*>

HALF-SPIN SYMBOLS

Let E be a number field containing pu,, and ¢ be an involution on E. Take a
finite set of places S of E such that ¢(S) =S and S 2 {w : w|nooAg g }.
Definition 18. If z € Og g\ {0} is coprime with o(x) then define

drI
15,0 = ()

where I C Opgo g is such that IOg s = (x —o(z)) - Og,s. Note that z mod I €
(Op,s/I0g s)” = Ogs.s/1, so the symbol makes sense.

Theorem 19. Consider f : X — Q and a section s : Q™) — X. Take
q € Op.s\ {0} C Q(K) such that T(q) is coprime to q for all T € T'[2]**.

For b € Br(X); such that s*(b) = 0, and (P,) € X,(Ak) such that P, €
S(QF™W(K,)) when q ¢ Q(O,), we have

(b, (Po)o)sm = D invy(B(P))+ D> ¢ -HS:(q).

ves rer2)**

Proof. Functoriality of residues. O



12 JULIAN DEMEIO

Remark 20. Note that ¢, is as in the definition of Br(X )4 and in particular depends
on b, and the half spin takes values in Q/Z(1) and ¢, in Q/Z(—1), so together we
get something in Q/Z.

Lemma 21 (Baby case from Smith’s work). A finite abelian group, a := #A, and
let M > 3alog(a). Then

g0 : {1,...,.M—1}* 5 A
such that
Vis{l,... .M}y > A
with AB) f .= (01002 003)(f) = go, we have 0 € im(f).

Proof. Assume for a contradication that no such gg exists. Then the triple variation
map
A® Fun({1,...,M}® — A\ {0}) = Fun({1,..., M —1}* = A)

M3 M—13

is surjective. The size of the domain is (a — 1) and a is the size of
the codomain. Under our assumptions on M, a, the domain is smaller than the
codomain so this cannot be the case. (]

Example 22. If A =7/27 and M = 2 then gy = 1 works.

This is the lemma we will use. f will be the Brauer manin pairing, and we’ll
show that we can get any triple variation from our setup. Then we’ll know we must
hit that gy and some some pairings must be zero.

REDEI SYMBOLS

Let E be a number field and fix embeddings E C E,, for every place w of E of the
corresponding algebraic closures of E and the completion. Assume that u, C F.

Definition 23. For a,b,c € E* we say that they satisfy (C) if

(1) Xa,Xb, Xe : T'e = Z/nZ(1) are tame including at infinity.

(2) Sa,Sp, Se are pairwise disjoint, where S, is the ramification locus of x,

(3) (a,b)y, = (b,¢)p = (a,¢)n, =0 for (+,-), the order n Hilbert symbol over E
(equivalently, the corresponding symbols vanish everywhere locally).

Under these assumptions, note that
XaUXpUXe € Z3(Tg, Z/nZ(1))(2)
and since H? of a number field is almost zero it must be a coboundary. Hence
Xa UXb U Xe = d§

for some cochain ¢ € C?(T'g, Z/nZ(1))(2). Locally, note that

XaUxb UXclr, € Z°(Ty), Z/nZ(1))(2)
and is equal then to dn,, for some n,, € C?(I'Y,Z/nZ(1))(2).
Definition 24. We define the Redei symbol

[a, b, ¢, == Z inv,, (¢

r, = Tw)
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LIFTING THROUGH QL™ (1)

Observe that for ¢ € E*Q(K) we have ¢ € im (QX™W(K,) — Q(K,)) if and
only if there is an embedding L — K, with ¢° € K" (viewing ¢° as an element
of L. and hence K,. through the embedding E C L) for all o € T'*.

Example 25. When ¢ € Op g is a principal prime and v a place of K under g,
then the second condition above means there is a place w associated to g which is
completely split over K and w splits in L and

(),

for all o € T'*, where this is the spin symbol.

Definition 26. ¢ € Q(K) is (L, n) liftable outside of S if and only if ¢ € Q(O,) U
im(QL,m(l)(Kv)) forallv ¢ S.

Definition 27 (Grids). A grid of dimension r and size M is an injective function
M:{1,....M} — Ogs\{0} CQ(K),
of the shape

M i =060 Qi1 Gy
where ag € Og s and R; := {a1,4,...,am:} C Op,g are ordered subsets (think of
R; as the row of the grid).
We identify M =ao - {a1,1,...,anm1} - {ara,...,amr}

Say M is

e squarefree over K if Ng k() is squarefree for all z € M.
e prime-var if all a; ; are prime elements such that Ng/x (ay ;) and Ng g (a; ;)
are coprime in Ok g for all (¢,7) # (¢, 7).

Definition 28. A grid M as above is (L, n)-liftable outside S if all elements of M
are and for all v ¢ S and all ¢,¢' € M\Q(O,) we have ¢'¢~! € im (Q*"(K,)).

We define notations
e By :=ker (BreQ — BrQL’”,(l))
e B} :=Bp+ <coreSE/K(y U (yo — y))"ﬂ>aer[2]**'

Theorem 29. (P,)ves € Q(Ko)Br. ForallM e Nandg: {1,...,M —1}*xT2 —
Z/nZ(2) there exists a prime-var (L,n)-liftable grid

M=qo-{q1,1,---sqma1}--- {13, a3}

such that

all g € M approvimate (P,) forv e S

the “direction” in (E®@R)* /Rso =[], @(Kv)/Rx0 of all ¢ € M approa-
imate that of (Py)y)so

HSs,(¢) =1 for all T € T[2]**,qg € M.

[Gir110,1 0(qi+11651)s T(are11q1)] = 9(6, 4, k) (o, 7)

Proof. There is not time for the proof, but it builds on work of Shafarevich. ([
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ADELIC LIFTS

Take M an (L,n)-liftable outside of a large set S. Let U, > P, be an open
neighbourhood. Then take the notation that for ¢ € M we will write
e U, YvesS
Xq(Ky) 2 Pulq) := 1 € X,(0,) VYo &S such that ¢ € Q(O,)
€ s(¢"™) Vo & S such that ¢ € Q(O,)

and insist that ¢™™ is in some way multiplicative in ¢. By ¢“™ we mean an element
such that p(¢©™) = ¢ in the diagram

QL,n,(l) 4‘5> X
K Jf
Q

VARIATION THEOREM

Notation 30. Let 8 € H3(Q,G,,)[n]'* = H3(Q, u,)"'%. Take a total ordering <
on I' and write

B = Z Qg 1,p * (yo Uy- U yp)n
ol<t<p

where the coefficients a, -, € Z/nZ(-2).
e Extend beyond the ordered triple setting by making it alternating in (o, 7, p).

® Uog,7rg,p9 = Qo,1,p-
[ ]

RE[.Tl,J?Q,J?z;]n = Z ao’,T,p[xlljyx;axg]n € Z/’RZ
(o,7,p)€T3/T
Theorem 31. Let b € Bry,. After possibly replacing the field L defining s with an

extension, the following hold.

For all (Py)ves,

e YU, 3 P, arbitrarily small neihbourhood for v € S and v t co.
e YU, > P, open connected such that f(U,) is Rso —inv arbitrarily small for
v | oo.

For all M = qq - {(J1,17Q2,1} : {%,2#]2,2} : {Q1,37QQ,3} prime-var and (L, n)-liftable.

altern

Z (b, (Pu(q)))BM = Rm[‘h,ﬂ]f,%a 42,2473 42,301 3)n-
qgEM

where here O(b) is the image of b € Bry, after mapping through the composition
Br, — H*(Q,G,,) = H*(Q,Gxn)""

Proof. (Very) long computation with Cech cocycles. (|
Now we prove the fibration theorem! Take the dual of the third graded piece.
A= (FgBI‘h/FQBI‘h)D = coker(Br(X, — Brh))D.

Apply Smith’s lemma and get the existence of a function

go:{1,....M -1} = (F3/F,)"
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such that for all f with A®)f = g, 0 € im(f).
Consider the composition
F3Bry,/FoBry & H3(Q,Gy)[n]"x — Fun(T'2, Z/nZ(2))

where the latter map is ) ao 7 - (Yo Uy-Uy,) +— [(0,T) = a1,0,-]. This composition
is an injection. Dualise it to get a surjection and then lift gy to a function

g:{1,...,M =1} = Fun(I'%, Z/nZ(2)).
In Theorem 29 put this g. By Theorem 31, the function
f : {la EREE) M}3 - (FS/FQ)Da (iaj? k) = (_a (Pv(q(Zu]a k)))’u)BM)
with ¢(i, j, k) := g0¢i,195,2q%,3, has triple variation go.
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APPENDIX A. SOME LEMMATA
Here are some things we worked out along the way.

Lemma 32. Let X be a finitely generated Galois module. Then there exists a short
ezact sequence of Galois modules

0—-M-—-N—->X—0

where M, N are free as abelian groups and N is a permutation module.

Proof. Assume that the Galois action on X factors through the finite quotient T'.
Then let G be a generating set for X and N := @&,ccZ[l']. This surjects via the
obvious map onto X as Galois modules and is itself a permutation module which
is free as an abelian group. O

Lemma 33. Let G be a finite abelian group identified with the associated finite
group scheme over K. Then there is a short exact sequence in the Zariski topology

0->G—>T—->Q—0
where T/K is a torus and Q is a quasitrivial torus

Proof. Let X = Hom(G, G,,,) be the associated character module. Then via the
general theory of tori and their characters we have to exhibit a short exact sequence

of Galois modules
0>A—-B—>X—0

where A, B are free finite rank abelian groups and, since we want @) to be quasitriv-
ial, A is a permutation module. By Lemma 32 we have a short exact sequence

O—-M—-N-—->X—>0

where M, N are free as abelian groups and N is a permutation module. Similarly
we have such a sequence for Hom (M, Z)

0— M — N — Hom(M,Z) — 0.
applying Hom(—,Z) to this latter sequence we get an exact sequence
0—-M-—->P—-Q—0

where now P = Hom(N’, Z) is a torsionfree permutation module and @ = Hom(M', Z)
is a torsionfree module. Let B := P @® N/ {((m,—m) : m € M). Then since B/N 2
P/M = @ and both N,(Q are torsionfree, B must be torsionfree. Taking A := P
which is a torsionfree permutation module, we then have an exact sequence

0—+-A—-B—-X—0

as required. O
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