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DiscLAIMER. These notes were taken live during lectures. All mistakes are
the fault of the note-taker, and not of the lecturer. Any comments in red are
added by the note-taker after the fact, and he takes full responsibility for their
incorrectness.

LECTURE 1

1. OVERVIEW OF ARITHMETIC STATISTICS
We begin with the following, very influential, conjecture in arithmetic statistics.

Conjecture 1.1 (Cohen-Lenstra, 1984). Let p be an odd prime and let A be a
finite abelian p-group. Then

lim #{K/Q : imag. quad. |Dg| < X, Clg[p>®] = A} _ [T, (1—p7%)
X—o00 #{K/Q : imag. quad. |Dg| < X} #Aut(A)
There is very little proved about this conjecture, but a lot of computational

evidence has been found and it is strongly believed. Indeed, it is not known for a
single pair (p, A)! The main thing that is known is the following average result.

Theorem 1.2 (Davenport—Heilbronn, 1970s). We have

> #Clk[3] ~ cX,

K/Q
D |<X

and the leading constant matches the average predicted by the Cohen—Lenstra dis-
tribution.

Conjecture 1.3 (Cohen—Lenstra—Gerth). Let A be a finite abelian 2-group. Then

iy #UE/Q ¢ imag. quad. [Dic| < X, 2C1c[2] = A} 12,1277
X 00 #{K/Q :imag. quad. |Dg|< X} T #Aw(A)

The idea here is that in this setting, Clg[2] is special. It is “predictable” and
in fact quite large (#Clg[2] = 2¢(Px)~1 where w is the number of prime divisors).
Multiplying by 2 kills this contribution, and the claim is somehow that this is the
only predictable behaviour present.

The first result on this is the work of Fouvry—Kliiners on the 4-torsion.

Theorem 1.4 (Fouvry—Kliiners, 2007). We have for all n > 0 that

lim #{K/Q : imag. quad. |Dg|< X, 2Clg[4] = Fy} lim Pagae (. )
X 00 #{K/Q : imag. quad. |Dg| < X} T oo Matih T
1
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where Pyrat(r,m) is the probability that a uniformly selected matricx M € Mat(r x
r, o) has kernel of dimension n.

Then Alex Smith was able to get from 4 to 8 torsion under GRH.
Theorem 1.5 (Smith, 2016). Assume GRH. Then for allm > j > 0 we have
. #{K/Q : imag. quad. |Dg|< X, 2Clx[8] = Z/2Z™7 & (Z/AZ)’ } ,
lim - = Pyat(m, j)-
X—o0 #{K/Q : imag. quad. |Dg|< X, 2Clg[4] = (Z/2Z)™}
In 2017, Smith generalised this: there is a filtration of Fa-vector spaces
Clk[2] 2 2Clk[4] 2 4Clk[8] 2 8Clk[16] D ...,

and he studies the behaviour of this filtration. It is a worthwhile exercise to do, to
convince yourself that this filtration recovers the isomorphism class of the abelian
group. Note also that 2¢Clg[2511] = Clk[2] N 2*Cl.

Definition 1.6. We write r; ¢ := dimg, 271 Clx [2'].

Smith proves the following.

Theorem 1.7 (Smith, 2017). Let k > 2 and let rgy1 <71 < --- <ry. Then
lim #{K/Q : imag. quad. |Dg|<X, rxg=r, V2<i<k+1}
X—oo #{K/Q : imag. quad. |Dg|<X, rmxg=r V2<i<k}
The idea here is that you have some Markov process, so that you don’t care
about the history of the process beyond the position you're on!

Remark 1.8. This implies Conjecture 1.3 (see K.—Pagano, JEMS, §14). Note that
in the setting of Theorem 1.5 we have 7o = m and r3 = j.

= Pat(Th+1,7k)-

Since this work of Smith, we have seen:

o Generalisation to number fields (under roots of unity assumptions) and
quadratic twists of abelian varieties (Smith 2022).

e Counting squarefree 1 < d < X such that 22 — dy? = —1 has a solution
x,y € Z (K.—Pagano 2022).

e Upper and lower bounds (conditional on a converse theorem) on how often
as n varies there are solutions of 2% + y* = n for z,y € Q (K.-Smith 2024).

e BSD implies Goldfeld’s conjecture (Smith 2025).

2. OVERVIEW OF THE LECTURE SERIES

Our goal in this series is to do the following.

e Sketch a proof of Theorem 1.4.

e Give an unconditional proof of Theorem 1.5 using a new tool from recent
work of K.—Smith.

e Time permitting, we might also see how to access Theorem 1.7 in general,
but that might be difficult to reach.

The idea is that our proof of Theorem 1.5 will be easier than the original, though
it makes use of the many developments since then and is still not terribly easy.

Now for an underlying theme that we will see repeatedly. Accessing the class
group directly is very hard, but what we end up being able to do is to compare class
groups. A promising start for this is as follows. Denote by Hg(2) the maximal
abelian unramified extension of K with Gal(Hg (2)/K) being an Fag-vector space.
Then
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(1) we can give an explicit description of Hx (2) (next lecture!)

(2) for two different imaginary quadratic fields K, K’ there is an interesting
intersection Hg (2) N Hk/(2) (i.e. bigger than Q) which completely fails if
2 is replaced by an odd prime.

The following gives a good mental example to keep in mind when we're talking
about comparing class groups, but we will need to do something more general.

Theorem 2.1 (Stevenhagen). Let p =1 mod 8 and let x, be the quadratic dirich-
let character associated to p and let (g be an element of order 8 in (Z/pZ)*. Write
h; = #CIt ) for the narrow class number. Then

Q(vd
8| ht, <= xp(1+¢)=1
8] hlL2p = xp(l+ Cg)Xp(CS) =1
81hy, = xp(1+¢) =x(G) =1
Now suppose that x(1+(2) = x(¢s) = 1. If x(1+¢s) =1,
16| hy, <= 16| h¥, and 16 | hT,,
Alternatively if x(1 + (s) = —1 then
16 | h3, <= 16 | hT,, and 8 || b7,

The slogan here is that for 16-ranks, the relationships between h3 , At

+ .
ops Nlopy 1y 18
governed by a splitting condition.

LECTURE 2

3. GENUS THEORY AND COCYCLES

Notation 3.1. Let N := Qy/Zy = limZ/2*Z. We view N as a (continuous) Gg-
—

module via the discrete topology and trivial action. For each x € Hom(Gg, {£1})
we define N(x) to be N as an abelian group but with the Gg-action for all ¢ € Gg
and n € N

o(n) = x(o)n.
Recall that squarefree numbers are in bijection with quadratic extensions of Q and
hence with elements of Hom(Ggq, {£1}). If = is a squarefree number then we define
the character x, to be the image of = in Hom(Ggq, {£1}), which is precisely the

map o — L\/\?) We write N(z) := N(xz)-

Theorem 3.2. There is an exact sequence for each k > 1 and K = Q(\/x)

0— Z/2¥7 — Z'(Gal(H /Q), N(z)[2¥]) — Cl;[2"] — 0,
where Z' denotes the group of 1-cocycles, Hy is the Hilbert class field, and V
denotes dual.
Proof. We assume the following fact from exercise sheet 2: For every quadratic field
K/Q, the Hilbert class field Hg is Galois over Q and

1= Gal(Hg/K) = Gal(Hg/Q) — Gal(K/Q) — 1

is split with Gal(Hg/Q) = Gal(Hgk/K) x Gal(K/Q). Writing Gal(K/Q) = (o),
then the generator o acts by inversion on Gal(Hy /K). Moreover by the Artin map
Gal(Hg /K) = Cli and this is the natural action of Gal(K/Q) on Clk.
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This theorem will essentially follow from inflation restriction, but we need to be
quite careful as we must work on the level of cocycles. There is for each £ > 1 and
each K = Q(y/x) a natural restriction map

7" (Gal(Hy /Q), N()[2*]) *5 2" (Gal(Hy /K), N(x)[2¥)
= Hom(Gal(Hg /K), N (z)[2¥])
= Hom(Clg,Z/2"7Z)
=~ Cly[2%).
Lemma 3.3. res s surjective.

Proof. Take ¢ € Hom(Gal(H /K), N(x)[2¥]). By the fact we are assuming above,
Gal(Hk /Q) = Gal(Hp /K)xGal(K/Q). We define ¢ € Map(Gal(H /Q), N(z)[2¥])
by 1 = (¢,0) when written in this semidirect product decomposition. Indeed, v is
a cocycle, since

Y((a1, 91)(az, g2)) = (a1 + xz(g1)az, g192)
= ¢(a1) + Xz (91)P(az)
= g1 'y, Y(az,92) +Y(a1,91).
O

Using this, it is now sufficient to see that the kernel of res is a copy of Z/2*Z.

The kernel is
ker(res) = inf(Z'(Gal(K/Q), N (z)[2"))) = z/2"Z,
via evaluation at o € Gal(K/Q). This we leave as an exercise!

[R:This can be seen as follows: let ¢ € ker(res). Then representing Gal(Hg /Q)
as the semidirect product in the usual way we have ¢(o,7) = ¢((0,0) - (0,7)) =
(0,0) - ¢(0,7) = ¢(0,7). Hence ¢ € inf(Z1(Gal(K/Q), N(x)[2¥]). The converse is
immediate, so the first equality holds. Note that inf is injective on 1-cocycles by
definition.

Elements of Z'(Gal(K/Q), N(x)[2¥]) are functions f : Gal(K/Q) — N(z)[2¥]
which satisfy the cocycle relations, which here (since Gal(K/Q) is so small) are
just given by 0 = f(0) = f(0?) = o f(o) + f(0) = (1 — x2(0))f(0). But since
1 — xz(0) = 0 this just means we can choose any image for o. Hence there are 2%
elements and they are identified by their image under evaluation at o. | O

Definition 3.4. Let Z. (Gg, N(2)[2¥]) = inf (Zl(Gal(HK/Q), N(x)[?k])) for K =
Q(y/x). Note that this unramified decoration really depends on z in general!

These are precisely the cocycles which restrict to Hom,,, (G, N (z)[2¥]) = Cl}[2¥],
i.e. those that restrict trivially to Hom(Z,, N(z)[2¥]) for all places v where I, is a
choice of inertia subgroup at v.

Theorem 3.5 (Gauss genus theory). Let K = Q(v/—z) with x = —1 mod 4 a
positive squarefree integer. Then for each odd prime p let p* = +p with choice of
sign so that p* =1 mod 4. Then as homomorphism groups we have an equality

Zu(Go, N(=2)[2]) = (xp» : pla),
where the xp« are all linearly independet over Q for ramification reasons. In par-

ticular
#Cly [2] = 24P~



DISTRIBUTION OF 8-RANKS OF IMAGINARY QUADRATIC FIELDS, D’APRES SMITH5

via Theorem 3.2.

Proof. We cheat slightly. Hom(Gg, {£1}) has a basis given by the x,- for p odd
primes, x—1 and x2. We will check for each basis element whether it is unramified,
which is not sufficient, but the general argument isn’t much harder.

Indeed consider the field diagram

K(vp7)

) K =Q(v-x) Q(
\ ! /

If p | = then we want to show that x,- is unramified on restriction to Gx. Then
note that Q(1/p*)/Q is ramified only at p, and so K(/p*)/K is ramified at most
at primes above p. But what about at p? Since p is odd, we get that Q(\/—z/p*)
is unramified over p. Hence the total ramification degree is 2 and K (y/p*)/K is
unramified.

In the second case, if p 1 z then we want K (/p*)/K to be ramified at p, which
is similar. (]

Q(v/—=z/p* VP¥)

LECTURE 3

4. THE ARTIN PAIRING AND THE REDEI MATRIX

Recall that we were planning to understand the behaviour of our class group
Clk by studying the steps in the filtration

Clk[2] D 2C1k[4] D 4C1k[8] D . ..

Since Genus theory will describe the group at the top, our job today will be to
study the transition between the steps in this filration. This will make use of the
Artin pairing.

Definition 4.1 (Artin pairing). For a finite abelian 2-group A we write AY =
Hom(A,C*). We then define pairings

Arty, : 2871 A[2F) x 281 AV [2F] — {£1)
given simply by mapping a pair (a,x) to t¥(a) where ¢ € AV[2¥] is such that
2k—Lyy = .
Of course, we need to know that this is well defined.

Lemma 4.2. Arty is well defined, i.e. it does not depend on the choice of lift 1.

Proof. Let us take a pair (a, ) in the domain. Let 11,1 be two lifts of y to AY[2¥],
so that 28=1(y; —1hg) = 0. But if is b € A[2*] is a lift of a then

P1(a) = P1(a) — ¥2(a) + va(a) = (Y1 — 1¥2)(257'b) + ¥2(a) = ¥2(a).
O

Why is this pairing useful to us? Well it will tell us precisely which elements lift
to the next stage of the filtration.
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Lemma 4.3. The left kernel of Arty, is 2% A[281] and the right kernel is 28 AV [2F+1].

Proof. By the independence of lifting in the definition of Arty, really Arty arises
from the pairing 2~ A[2¥] x AV[2*] given by evaluation. In particular, the left
kernel pairs trivially with all of AY[2*] under the evaluation (or canonical) pairing
Ax AV - C*
(@, x) = x(a).
It is elementary to show that the orthogonal complement of AY[2*] under this

canonical pairing is 2¥A. Hence the left kernel of Art is (28-1A[2K]) N 2FA =
2k A[2k+1]. O

Now we must relate this finite abelian group theory back to class groups, and
explain why we decided to call this the Artin pairing.

Lemma 4.4. Identifying Clx = Gal(Hg /K) via class field theory as before, in the
commutative diagram

Clg[2] x CLL[2] — 2 (41}

Clg[2] x Hom(Gal(Hy /K), {£1}) 254 141}

the bottom row map is given on the class of an unramified prime ideal p and char-
acter x by

(p, x) = x (Froby)
where Froby, is Frobenius.
Now, recall from genus theory that if —z = 1 mod 4 and x = p;...p, for
distinct odd primes p; then the map
vz Fy — Clg[2]

given by (e1,...,e.) — [[I,_, p;'] where p; are the primes above each p;. We saw
this is surjective with 1-dimensional kernel (1,1,...,1).
We similarly have a map
P, : Fy — ClY[2]
given by (e1,...,e,) — []_; X;} Again this is surjective with kernel (1,...,1)
as before. Note that in fact this ¢ naturally factors as the restriction to Gk of a
natural map

by« Fy — ZY(Gal(Hg /Q), N[2)).
We're then going to define a lift of Artg ; as follows.

Definition 4.5. We define A/rt\zl : F5 x F5 — {+1} to be the lift of the Artin
pairing under ¢, and v,. That is,

A/r_t\K/,l(a, b) = Artg 1(pz(a), ¥ (b)).

Definition 4.6. Let —z =1 mod 4 be squarefree, K = Q(y/—x), and r = w(z).
Then the Rédei matrix R, of K is defined to be the r X r matrix with entries
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Artg 1 (e;, e;) where the e; are the elementary basis vectors with 1 in the ith com-
ponent and zeros everywhere else. [R:Note that this is precisely the matrix such
that in the standard basis,

e~

Artg (v, w) = vIR,w

|

Theorem 4.7. Let —x = 1 mod 4 be squarefree, K = Q(v/—x), and r = w(x).
Then

dimp, 2Clg[4] = r — 1 — rk(R,).

Proof. Use that the left kernel of Artg; is 2Clk[4] and that F 2% Clg[2] is
surjective with 1 dimensional kernel. O

We now want to determine the entries in the Rédei matrix in terms of symbols
we are already comfortable with.

Theorem 4.8. Write R, (i,j) for the i,j entry in R,. Then we have for all indices
1<i,j<r
(%) if i # j

Dk Balisk) ifi=j

where we interpret Legendre symbols as taking values in Fy.

Proof. In the case i # j, by Lemma 4.4 and the definition of A/r_t\K/ 1, we have

—~

Artg 1(ei, ;) = Xp: |Gy (Froby,)

-(3)
pi)
Note that this second equality is decided by whether the residue degree of p; is 1 or
2 in the (unramified!) extension K(,/p})/K where K = Q(y/—x) as before, hence
the second equality.

For the case i = j, note that H§=1 Xpr = X-a is trivial when restricted to G,
so all rows have sum equal to 1. O

Hence we can write down R, as the following matrix (taking Legendre symbols
to be valued in Fy)

(Z) (%
(4.1) R, = [\ ' "

) ¢ -
Pr Pr
where the * are filled in by the sum of the rest of their row.

Example 4.9. Let us consider x =3 x 5 x 13 = 195. Then

e Cli[2] = (x—3, x5, X13)
e Clk[2] = (ps, p5,p13)
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and hence the Rédei matrix is

« (5 (B * 10 110
R=|(3) = Byl =11 % 1]=(1 01
2Z) (F) = 0 1 = 0 1 1
This has rank 2 and so we get dimp, 2Clg[4] =3-1-2=0
LECTURE 4

A good heuristic then for Artg; will be that it should be a random matrix with

entries in Fy (or £1), and that Artg ; should be a random matrix in Fy subject
to the constraint that (1,...,1) is in the left and right kernel (i.e. the sums of the
rows and columns are zero).

5. GRIDDING

[R:Our goal is now to let x range among positive squarefree integers and un-
derstand dimp, 2Clg /= [4]. For convenience, we have restricted to only the odd
x with —x =1 mod 4. By Theorem 4.7, we want to understand the average be-
haviour of w(x) — rk(R,) as = varies. A natural way to want to do this is to look
at integers with exactly r prime factors for each r individually (freezing the value
r = w(x), so that R, represents a pairing on the fized vector space F5). Then we
would like to let the prime factors of x vary at random, and use analytic techniques
to describe the variation of the Legendre symbols in the entries of R, to show that
these matrices equidistribute among appropriate matrices in Mat(r x r,Fs). Grids
are how we make this precise.]

We now allow ourselves a parameter H, which will be large and eventually tend
to infinity.

Definition 5.1. Define a; := e(loglogH)m(l + logH)j. For H > 100, a grid of
height H is a pair
(X7 Z'small)
where X = X7 x ... X, is a product such that
(1) Each X; is a subset of the primes.
(2) For i < igman, we ensure | X;| = 1 and moreover the element p; € X; should
satisfy p; < elloglos H)'%
(3) For ¢ > dsman we insist that X; is all of the primes in the interval [a;, oj41)
for some j.
(4) For all 1 <i < j <r, then for every p; € X; and p; € X; we have p; < p,.
(5) Every x = (p1,...,pr) € X satisfies p1ps...p. < H

We view a grid X as a subset of squarefree integers according to their prime
factorisations. That is, a tuple (p1,...,p,) € X corresponds to the squarefree
integer p1...py.

Theorem 5.2. We have X N X' = ( for two distinct grids X, X' of height H.
Proof. Exercise! O

Definition 5.3. We call a grid X = X; x --- x X, good if
(1) 2loglog H <r < (loglog H)?
(2) isman < (logloglog H)?
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(3) #{z : X; C {l,e 10gH)} < zloglog H.

What is this saying? Why is this a good notion of good? Well using Erdgs—
Kac type heuristics: we expect that for a random squarefree integer n we should
have about loglogy prime divisors smaller than y. (1) is concerned with the total
number of prime factors, which by the heuristic should be around loglog H, so

these bounds describe a ‘typical’ behaviour. Now (2) is concerned with the num-

log log H)*°°

ber of small prime divisors, those smaller than e . The number of such

)100

primes should be around loglog (e(log log H ) = 100logloglog H. Certainly our

bound should then model reality. Finally (3) bounds the number of prime divisors
which are of medium size, meaning smaller than eV!°¢_ This should be around
log log(eVos ) = %log log H, so we bound by §log log H.

Now we show that one really can restrict to studying integers in good grids.

Theorem 5.4. We have

#<n<H : sqf ,n¢g U X <<m.
X good
Proof. We break this proof into cases. Firstly we will deal with the number of
integers which are not in any grid at all, then we deal with those who are not in a
good grid.
Case 1 (not in a grid): Firstly, we bound those n < H which are not in any
grid of height H at all. This happens only if one of the following is true.

(1) n has a large neighbour who excludes the grid. That is, for example, say
there is an X; such that the p; | n from that X; has a neighbour ¢ € X;
such that m = gn/p; > H. In this case, we would have thrown the grid
out. In this case, checking the definitions, we would have

).

> H(1
" (+10gH

As w(n) < lolg‘;i gH the last condition implies that n > He~¢/1o8log H for
some ¢ > 0. So there are < H/loglog H such integers, which is within our
proposed bound.

(2) n has two distinct prime divisors in an interval [o;, &j41). The number of

such n is bounded by

> Y Sen ¥ Y o

j<(log H)? p,q€laj,aj 1) j<(log H)? p,q€[aj,aj41)

<o ¥ (¥

j<(log H)? \p€laj,ojt1)
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Applying Mertens’ theorem, - _ . p~ !t =loglog X + M + O(e~ Ve X) for
some constant M. So in particular, our bound becomes

H Z (loglog aj41 — loglog ozj)2
j<(log H)?

log aji1)”
= H 1 o)t
Z og( log o )

j<(log H)?

2

log a; + log(1 +

=H Z log ( ’ ( logH)

_ log o
j<(log H)?

2
1
H - -
< Z <log0¢j logH>

Jj<(log H)?

which is smaller than our bound once again.

Case 2 (in a grid, but not a good one): We now need to deal with integers
which are in a grid, but not a good one.

Definition 5.5. Now we call a squarefree integer n good if

(1) #loglog H < w(n) < (loglog H)?
(2) #{p|n : p<ay} < (logloglog H)?
(3) #{pIn : p< 2P} < 2loglog H

In particular, if n is good and in a grid X then it must be in a good grid. It
suffices to estimate n failing the conditions (1), (2), or (3). We begin with the first.

Lemma 5.6. For X > 3, we have

Z w(n) = Xloglog X + O(X)

n<X

Z w(n)? = X(loglog X)? + O(X loglog X)
n<X

In particular, anx (w(n) — loglog X)2 < Xloglog X.

Proof. We apply Mertens’ theorem

Sum =3 1= <X+0(1)> :o(b?X) L X ;(; — Xloglog X + O(X).

n<X p<X n<lX p<X p

pln
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Then we compute

Zw(n)Zz Z Zl:O(XloglogX)+ Z Zl:O(XloglogX)—i— Z {XJ

n<X Pa<X n<X Pig<X n<X pg<x P4
p|n pq|n
qln
X
= O0(X loglog X) + —
pa<x P4

1
=O0(Xloglog X) + X Z =
p<X

= X(loglog X)* + O(X loglog X).

For the final claim, we expand and note that the leading terms cancel and so we
are bounded by the error. O

Lemma 5.7. The number of squarefree n < H which fail to be good because of (1)
in Definition 5.5 is < H/loglog H.

Proof. We apply Lemma 5.6, in particular we know a bound on the second moment
(5.1) Z (w(n) —loglog H)? < Hloglog H.

n<H
Note that the contribution of any element of {n <X :wh)< % log log H} to the
sum (5.1) is > (loglog H)? and so

4
# {n <H : wh)< 5loglogH} < n)—loglog H)? < H/loglog H.

Ty P (w(
(loglog H) nng

Similarly, the contribution of any element of {n <X : w(n)> (loglog H)2} to the
second moment sum is > (loglog H)* and so similarly we obtain
#{n <X : wn) > (loglog H)*} < H/(loglog H)?>.

Then we get that the number of n failing condition (1) is small as required ([l

The argument for bounding the number who fail (2) or (3) is similar, and left as
an exercise. O

LECTURE 5

6. THE LARGE SIEVE

The most well-known version of the large sieve is due to Heath-Brown, which we
now state below.

Theorem 6.1 (Heath-Brown). Let M,N € Zs>i, and let B1,...,8y € C with
|8;] < 1. Then for alle >0

(MN)1+6
Z Z B (%) Le min{Ml/Q,N1/2}'

m<M |[n<N
odd
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What really makes this result possible is the double sum, that you have two axes
of randomness. Note that on the left there are M N terms, so we're seeing almost
square-root saving in one of the variables.

Example 6.2. Take M = N = X and ,, = lprime. Then

S E (2w xore,

m<X [ p<X
prime
where the Legendre symbol is really telling us about the splitting of p in Q(y/m).
From Markov’s inequality, for m outside of an exceptional set £ with || < X17¢/2
(i.e. for almost all m)

S (5) < x
p<x NP

prime
is the GRH bound for Q(y/m).

The proof of Heath-Brown’s result is quite technical, and we won’t have time to
get into it in this series, so we’ll look at this slightly weaker but more pliable result
of Friedlander—Iwaniec.

Theorem 6.3 (Friedlander-Iwaniec). Let M, N > 1 and f1,...,8n € C with
|B:| < 1. Then for alle >0

m (MN)'+=
m;M T;Vﬂn (E) <e min {MI/G,N1/6} .
odd odd

The disadvantage of this result is that the saving is not as good, but the advan-
tage is that it is easier and generalises well to settings like cubic characters, Hecke
characters over number fields (see work of Lemke Oliver—Smith), and similar.

Before the theorem, let us prove a lemma.

Lemma 6.4.

D0 |2 o ()| e MNVEEE 4 YN

n
m<M |[n<N
odd | odd

Remark 6.5. This is only nontrivial (meaning beating the trivial bound of M N)
when MN > M'/2N?2. Checking the algebra, this is when M > N2,

Remark 6.6. From now on in lectures we will make substantial use of the Cauchy—
Schwarz inequality:

1/2 1/2

Z Talla| < Z xi Z yi

a<A a<A a<A
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We will also make use of Hélder’s inequality: for fixed p, ¢ € R~ such that %—i—% =1
1/p 1/q

> lzayal < | D Jzal” > lyal?

a<A a<A a<A

Try not to forget these!

Proof. Applying Cauchy—Schwarz with x,,, = 1 and y,, = > _n<n Bn (%) , we have
odd
1/2 2\ 1/2
m m
1. Y < b
Sy a® (T |2 sam

m<M n<N m<M m<M [n<N
odd odd odd odd | odd

1/2

< M1/2 Z Z 6n16n2(n::b2)

m<M ni,na<N
odd

Now switching the order of summation and applying the triangle inequality we
obtain

> 5 G 2 2 Gl 2 2 GR)

ny,ne <N |[m<M ny,nae <N |m<M ny,ne<N |[m<M
odd odd odd

nyne=0 ning#0
< N(log N)M + N*.

where for the first term we have applied the trivial bound (since the character is
trivial so there is no saving to be had!). For the second term we used that this is a
non-principal Dirichlet character of modulus at most N2 so when we sum over N2
integers in a row we get zero. Collecting terms, we get the result. O

Proof of Theorem 6.3. We claim that this theorem is equivalent to the following
statement: for all «,, 8, in C with absolute value at most 1, we have

(6.1) Z Z U B (%) <, (MN)'+e

o= min { M1/6, N1/6}
odd odd
The equivalence is as follows.
FI — (6.1) Just apply the triangle inequality in (6.1) to get

> 5w ()] 35w (%)

m<M n<N m<M [n<N
odd odd odd | odd

Then pull the a,,, out and conclude.
(6.1) = FI Take

[Znew B (%)
U = Znen Bn()
0 else,

if the denominator is nonzero,
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and apply (6.1).
Now we prove (6.1), for which a main tool will be Holder’s inequality. WLOG
we assume that M > N and by the triangle inequality it suffices to bound

|5 ()

n<N m<M

odd odd
By Holder this is at most
2/3 3\ 1/3 3\ 1/3
m m

! G| =~ (%)
> D | 2 am(y < D | 2 ey
n<N n<N [m<M n<N |m<M
odd odd | odd odd odd

We let S now denote the remaining double sum here, and set

3

am (%)
m<M

odd

(Snsyen )

odd

Tn =

so that |y,| <1 and

S-S S en(?)

n<N m<M
odd odd

We then expand the cube to obtain

mimoms
S = Z ’Yn Z amlamgamg (T)

n<N my,ma,m3<M
odd odd

C T | ()

my,maz,m3<M n<N

odd odd
DILTCHIEAE
- n
<M n<N
odd odd
< M#® Yn é .
n
2<M? |n<N
odd ! odd
Now we apply Lemma 6.4 and conclude. ([l

LECTURE 6
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7. THE AVERAGE 4-TORSION

Our goal now is to study the average of the 4-torsion in class groups of imaginary
quadratic fields, & la Fouvry—Kliiners.

Theorem 7.1 (Fouvry—Kliiners 2007). We have

lim #{K/Q imag. quad. |Dg| < H, 2Clg[4] =F5} lim Pagag(r, )
H—o0 #{K/Q imag. quad. |Dg|< H} T oo Matilh

Recall that by Theorem 5.4 we simply need to prove this in good grids X of
height H. i.e. we want

Theorem 7.2. For every good grid X of height H we have

# {m €X @ 2Cly 4] = Fg}
— = I P(r,n) +o(1)

as H — oo.

We take the moment approach here, it is enough to prove that for each k > 1
k
> # (QCIQ(\/T.%) [4]) ~cp - | X]|
zeX

for ¢ the explicit moments of the proposed distribution. Today we prove the k =1
case. Then k = 2 is in the exercises, and k£ > 3 can be found in the work of
Fouvry—Kliiners. For k = 1 case we will prove

rzeX
=3 mod 4

For convenience, we restrict to the subgrid X’ = X{ x ... X/ with X! defined to be
{pe X, : p=a; mod 4} with some fixed a; € {1,3}. Then it suffices to prove
for each tuple of ; such that []_; oy =3 mod 4 we get

> #2Clg = l4] ~ 21X
reX’

Recall from Theorem 4.7 that we want to study the Rédei matrices since

#2C1y = [4] = %# ker(R,).

Let us reshape the Rédei matrices a little bit. Applying quadratic reciprocity,

* .
since (p—i) = (—p”)
P; pi

*
VN
ST
= VK3
N———
SIS
=3
IS
=

~
/N
KIc
=
N———

SR SR

SN =

e 1 I C I I

where the a,, are such that the column sums are zero. For each vector v € F5, we
want to understand when v is in the left kernel of R,. Note that being in the left
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Kernel is equivalent to v- R, (i) = 0 for all ¢, where R, (i) denotes the ith column of
the Rédei matrix. For each i, now that we have written down a;;, we can see that

U3+UL
v-R,(i) = <Hi¢bppﬂ> ]

Hence the indicator function 1y cyer, (r,) is given explicitly by

r v;+v;

1 H #i P

1v€kcr1(RI) = 2r <1 + (Jpj>>
=1 v
r V5 r v;+1
1 i Py ;P
— 1+ M H 1+ 1_[”&73 ,
27 Pt} Di 1 Di
v;=0 v;=1

where we are considering the Jacobi symbol to be valued in £1. Let us now expand
these products. For now v € F§ and = p;...p, € X'. We let V = Vp(v) denote
the set of indices i € {1,...,r} such that v; = 0, and similarly V;, and moreover for
any subset S C {1,...,r} and element x = p; ...p, € X’ we write z(S5) = [[;c g pi-
Then we expand the products in the indicator function to obtain

teeneon = 1 (o (52)) 10+ (55)

v; =0 v;=1

Z o))z, Gesy)

s 5 (9 ()

SoCVo S1CVi
Partitioning V; = T; U S; we then have

SoUTo=Vp S1UT1=

Now, note that the choice of v € Fj is equlvalent to a choice of Vy and V;. Hence
when we sum over all such vectors (and relabelling So1; = T;), we get

D Lveken(r,) = % > (x(il();o()sg)) <$(i0();1()52)) '

veRy SoUS1USaUSs=[r]

Feeding this back into our main sum, we then have the following.

> #2Cly(y=a) 4] = % Y D Leekenr

zeX’ reX’ veFyg

o5 5 () (3)

z€X’ SoUS1US2LUS3=]r]

Observe that sometimes we have (%) and (g) in this product, and sometimes

we only have one of the two. When we have exactly one of the pair, we expect that
the symbol will oscillate randomly and so we will get savings in most regions. This
is codified in the notion of linked indices.
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Definition 7.3. We say that 0 is linked with 3 and 1 is linked with 2. All other
pairs in {1,2, 3,4} are declared to be unlinked. We also write imedium for the last

index i such that X; C [1,eV!8(X)]

We will now make use of the large sieve and Siegel-Walfisz results to remove
cases.

Case 1: if there are linked 4, j such that S; Z [isman] and S; € [isman] then let
10, jo be indices larger that igmay in each of these. Then we can freeze the values
of the other variables, apply the triangle inequality, and apply the Large sieve over
X, and X, (exercise: what are the coefficients?) to show that these contributions
are small.

Case 2: if there are linked i,j such that S; C [isman] and nonempty and
S; Z limedium] (or vice versa). We apply effective Chebotarev to show that these
contributions are small (actually, this only works if there are no Siegel zeroes).

Case 3: In the remaining cases, the following conditions both hold:

L (507 SS) g ([ismall]v [imedium]) U ([imedium]a [ismall]) or (Z) S {SO, SS};

L (517 52) g ([ismall]y [imedium]) U ([imedium]a [ismall]) or @ S {Sla SQ}’
Applying Siegel-Walfisz in all cases we have nontrivial characters, we are left with
some cases where all variables are at most medium in size (so can be discarded by a
trivial bound) and then a main term which correpsonds to a sum of the four cases
where our characters are forced to be constant: (Sp,S2) = (0,0), (S1,S53) = (0,0),
(So,51) = (0,0), (S2,S3) = (0,0). Note that in the first three, the character is
trivial, and in the last it is controlled by congruence modulo 4 (which is determined
here!).

LECTURE 7

8. REPEATED CAUCHY—SCHWARZ

Today we’ll see a key new ingredient in this area: repeated Cauchy—Schwarz.
[R:Our goal for the remaining lectures will be to understand 4Clx[8], assuming the
structure of 2Clk [4]. Here is a global sketch of the argument we are going to pursue
a subcase of over the coming lectures. We work on a good grid X = X7 x--- x X,..
For each x € X, writing K = Q(v/—), we have already seen how to determine
2Cl[4] via the Rédei matrix R, which represents the pairing in the commutative
diagram]|

Fj x Fy — = 5 (41}
l‘?m X g . H
Clg[2] x Clj[2] =25 {41} .

[R: Since we understand the distribution of R,, we are emboldened to fix the value
R for the Rédei matrix, which in turn by Theorem 4.7 fixes dimp, 2Clx[4]. This
means we are restricting now to working with the subset

Y:={zeX : R, =R} CX.

A first, rather frustrating, observation is that this is not a subgrid of X, so we will
need to be able to average over this kind of arithmetically defined subset of a grid.
But let us continue.
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Having fixed R, lets take V' = ker;(R) and W = ker,.(R). Then the pairing Art, o
for x € Y extends naturally to a pairing between these two fixed (independent of
x € Y) vector spaces |

o
1ty 2

VXWA—>{:|:1}

J/L/’z X Py H

2C1x[4] x 2C1%[4] 22 4}
[R: Where, as usual, K = Q(y/—x). Again, it is not hard to see that 4Clx[8] is

determined by the left kernel of Art, 2, and again we have turned our problem into
studying how a pairing varies randomly on the fixed space V' x W. Our goal now is
to prove that this pairing, more accurately the corresponding matrix, is uniformly
random.

We want to reduce proving such a statement to understanding some kind of
character sum as before. Let (1,...,1),vq,...,v¢ and (1,...,1),wy,...,w; be

bases for V and W respectively. Then the matrix which defines Art, o is (¢ +
1) x (t + 1) and (since the all 1 vector, our first basis vector, is still in the kernel)
has zeroes in the first row and column, and the remaining submatrix is given by
Arty o(v;, wj). We want to see that this submatrix takes any value with equal
probability, how should we do this? Well, it is equivalent to show that the ¢ x ¢
submatrix is random.

Firstly, we want to know that each entry of this matrix can be +1 with equal
probability. Hence, for a fixed pair v;, w;, this would be equivalent to showing that

Z Arty o (v, wj)| = o(#Y),

z€Y

since a saving is equivalent to the densities of +1 and —1 have the same leading
term. Then we need to check that there isn’t some relation between pairs. For
example, perhaps two entries always have to be the same. I this case, it’s perfectly
reasonable for one (and so both) of them to be £1 with equal probability but the
matrix will still not equidistribute. To avoid such a correlation the values of the
pairing on two pairs (v;, w;) and (v, wy), we must similarly show that

Z Arty o (v, Wj)Arty o( Vi, Wy)
zeY

= o(#Y).

Continuing along this chain of reasoning (triple correlations and so on), we must
show that for every choice of n : [t] x [t] — {0,1} except for the constant zero
function, we get

tot
Z H H Arty o(v;, wj)"(i’j) = o(#Y).
zeY i=1j=1
Over the next few lectures we’ll work out the details of a special case of this sketch,
which illustrates the key points. |
Our simplified setup for this and the next lecture is as follows: we have three
sets of primes

o X1 ={H<p<2H : p=3 mod 4}
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e Xo={2H<¢<3H : ¢g=1 mod 4}

o X3={3H<r<4H : r=1 mod 4}
and as usual the product X = X; x X5 x X3. Note that we've set these up in
such a way that for every product x = pgr from X, —x is an imaginary quadratic
discriminant.

For each z = (p,q,7) € X, writing K = Q(v/—z), we have already seen how

to determine 2Clk[4] via the Rédei matrix R, which represents the pairing in the
following commutative diagram.

F3 x F§ — 2= {+1}

J{‘/’w X Py H

Clg[2] x C1%[2] 224 141}

Our overall goal for the remaining lectures will be to understand 4Cl [8], assum-
ing the structure of 2Clk [4] or, more accurately, assuming the slightly finer data of
a fixed Rédei matrix R,. Let us first discuss the maximal case where R, = 0, so
that via Theorem 4.7 we have

Clg[4] = (Z/AZ)?
Then the set of z € X we are restricting our consideration to is
Y:={zeX : R, =0}.
Taking the explicit description of the Rédei matrix from (7.1), this can be re-

expressed as
Y = {(p7q,7”) €EX (5) -5 =) :+1}.

A first, rather frustrating, observation is that this is not a subgrid of X, so we will
need to be able to average over this kind of arithmetically defined subset of a grid.
Looking on to the 8-torsion, we now want to understand the pairing Art, o.

Having fixed R, we will lift Art, o to a pairing Art, o which is defined on the fixed
(i.e. independent of x) subspace ker;(R,) x ker,(R,), and again have a problem of
a pairing which varies randomly on a fixed vector space. Then we aim to prove that
this pairing, more accurately the corresponding matrix, varies uniformly among all
possible pairings.

Since we have restricted to the case R, = 0, the left and right kernels are the
total space and so we have

Art,
F3 x F3 N

J{‘szwm H

2C1 [4] x 201 [4] 223 141y

Let us work out a construction of the pairing. By definition, Art, o(v, w) is con-
structed by choosing an element f, w € Cl}[4] such that 2f, w = 1,(W) and then

from this we have m(v,w) = few(@z(v)). For later convenience, we lift to
ZY(Gal(Hk /Q), N(—x)[4]) by Theorem 3.2 and choose f, w in this group such that
2fzw = ¥z(W) exactly. We further, via Definition 3.4, inflate f,w to an element
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Yi(w) € Z1 (Gg, N(—x)[4]). In particular, ¢1(w) is well defined on Gal(Hg /Q)

and on Gal(Hp /Q) we have 2¢%(w) = ’L,/J\;(W).IRZOHG day I will come back and

change ¥}(w) to wa which seems slightly tidier, but that day has not yet come.]
Our goal over the next few lectures is to discuss the following claim:

Theorem 8.1.

> Artwyg(v,w)| = o(H?/log(H)?).
zeY

Actually it is possible to reach o(H37?), but we’ll not work that hard. Why do
we want to do this? Obtaining a saving here ensures that the leading terms for the
number of x with value +1 must be the same as the leading term for those with
value —1.
Important: During this and next lecture we will specialise to the setting

=(1,0,0) and w = (0,1,0)!

Now,

Arty o(v, w) = 5 (w)(Froby)

where t | 7 € X3 is our prime in K, and 1} is really just a lift of the character x,
for ¢ € X;.

We will begin by looking for relations which constrain ?* as an element of
Map(Gg, N(—z)), where we recall that N(—=x) is the abelian group Q2/Zs upon
which we act by Galois via the quadratic character x_,.

We note the following repeated application of Cauchy—Schwarz from exercise
sheet 3.

Lemma 8.2.
1/8

2 2
Z m(V,W) < |X‘3/4 Z 1:[ 1:[ rtpzqmw v, W)

zeY p1,p2€Xii=1j
q1,92€ X2
r1,72€X3
This will be a key ingredient in proving the following main theorem.
Theorem 8.3. Let p1,p2 € X1, q1,q2 € Xo, 7 € X3. Assume that pygjm € Y.
Then setting C := {p1,p2} X {q1,q2} x {r}, we obtain that

> ¥i(w) € Map(Gg, N[2]).

zeC

Moreover, let d : Map(Gg, N) — Map(Gé,N) be the differential on the chain
complexes which define Galois cohomology, we have

d (Z wi(“’)) (0,7) = Xp1p2(0)Xar42 (T)-
zeC

Remark 8.4. Recall that d : Map(Gg, N) — Map(Gg, N) is given by
d(f)(o,7) = flor) = f(o) = f(7).

Note that (o, 7) = Xp1ps (0)Xq1 40 (T) is really the element Xp, p,UXg1q. = (P1P2,G2¢2) €
H?(Gg, p2) as a Hilbert symbol, which we already know is trivial everywhere locally
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(and hence globally) via our constraints Y. Later we will play off this coboundary
against a different nice trivialisation of (i.e. coboundary representing) this class.

Proof. Note that

Xq: if second coordinate of = is ¢1
Xg. if second coordinate of = is g0

Hence 2 (3,cc ¥2(W)) = Xa1 + Xg» + Xa1 + Xg» = 0, so this sum must have been
valued in 2-torsion.
To see the identity with d note that since ¢3(w) € Z'(Gg, N[4]), we have

PEW)(07) = x_a (WA (W) () + (W) (0),
and hence computing the differential we have
(dg(w)) (0,7) = Yp(w)(07) — ¥z (w)(0) — ¢z (w)(r)
= X—2 ()3 (W)(7) + 5 (W)(0) = Y5 (W)(0) — Yz (w)(7)
= (X=a(0) = )¢ (w)(7)
_Jo if x_z(0) =+1
- {—21/%%(“’)(7) = Xma(x) i X—a(0) = -1
where ma(z) = m2(p, q,7) = q. Note that this is therefore valued in the 2-torsion!
Using the unique non-trivial pairing N[2] x N[2] — N[2] we see
d (Y3(W)) (0,7) = X—2(0) Xra () (7)-
Hence

d (Z 7/);1("")) (0,7) = X=pr1a1r(0) X1 (T) + X=p1a2r(9)Xq2 (T) + X—poqur(0)Xq1 (T) + X—pagar (0)Xg, (T)

zeC
= Xp1p2 () Xa1 (T) + Xp1p2 () X2 (T)
= Xp1p2 (U)Xthqz (T)

LECTURE 8

9. COMPARISON OF SECOND ARTIN PAIRING

Since Xpip2> Xa1,q2 € HOHl(GQ,‘uQ), we have Xpipz YU Xarq2 = (P1p2,Q1Q2) €
H?(Gg, p2) which is presented by the global Hilbert symbol or equivalently by
the corresponding quaternion algebra. Consider the exact sequence

lou—>Q 5Q o1
so after applying Hilbert 90 we have the identification with the 2-torsion in the
Brauer group

H*(Gg, p2) = H(Go, Q") (2] = Br(Q)[2):
In particular, by the ABHN theorem we have an inclusion H*(Gg, u2) — @, H*(Gg, Q).
Hence p;gjr € Y means that (%) = +1 for all 4, j and hence this Hilbert symbol
(p1p2,q1g2) is trivial everywhere locally and so the trivial class.
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Hence, there is a continuous 1-cochain ¢y, p, 414, : Gg — F2 such that

(9.1) dPp1p2.g1q2(0:T) = Xprp2(0)Xq1g2 (T)
Definition 9.1. We define § € H%(F3,F3) by (0, 7) + 71 (0)m2(7) where m; : F3 —
Fy are the natural coordinate projections. We define
G =Ty x4 (F3)
as the obvious underlying product of sets with operation

(91,01) *¢ (g2, 02) = (g1 + g2 + 0(01,02),01 + 02),

which constructs G as the central extension of F2 by Fy corresponding to 6.
Importantly, one can check that by construction the map

Y= (¢p1p2,<hqz> (XP1P27Xq1qz)) : GQ - G,

is a homomorphism and corresponds to a D4-extension.

Define E = Q(\/p1p2, v/01q2)- Note that ker(d) = Hom(Gg,F2), and so the set
of possible ¢p,p,.q1q, differ by a quadratic character: for all x € Hom(Gg,F2)

A p1pagras T X) = Xpip2 Y Xa1q2

In fact, we may choose ¢p,p,,q,4. to be unramified over E. Indeed, let o, denote a

generator of tame inertia at an odd prime p, and write e, = ord(¢(o,)). This e,

—ker
is exactly the ramification degree of p in Q er(¥) /Q. Then away from pipaqiqs we

can twist to ensure that ¢(o,) = (%,0,0). If * = 0 then we get ¢(op) = 0 s0 p is
unramified, else if *x = 1 then we add x-.

We now write ¢}, . ., for our choice of cochain which is unramified over E.

Theorem 9.2. Let p1,p2 € X1, q1,q2 € Xo, v € X3. Assume that pigjr € Y.
Then setting C := {p1,p2} X {q1,q2} X {r}, and making any choice of ¢\, . 4, we
obtain that

H m(v,w) = (71)¢;;P21q1q2 (Fmbr)’

zeC
where Frob,. is the genuine Frobenius from Q in an unramified extension.

In particular, going back to Lemma 8.2, we are now able to bound
1/8

Z m(v, w) < ‘Xv|3/4 Z (—1)¢z§p2=q1q2 (Frobr )43 15,91 g5 (Frobry)

zeY p1,p2€X1
q1,92€ X2
r1,m2€X3

which which will be a sum of a quadratic character over Q(,/p1p2)-

LECTURE 9: EXTRA LECTURE

Continuing in our special case, we now want to prove Theorem 9.2.

Proof of Theorem 9.2. Recall from Theorem 8.3 that

d (Z 1/);1(w)> (0,7) = Xp1p2(9)Xg142 ()

zeC
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where here 3 (w) € Z}.(Gg, N(—z)[4]) is the element which factors through the
Hilbert class field and restricts to Cly = Gal(Hg /K) to satisfy 2¢(w) = 1, (w).
And we have also constructed our element which differentiates to the same thing

nr _
d¢p1PQvQ1q2 = Xpip2 U Xq1q2-

Recall that
Artw,2(V,W) = (_1)wi(w)(Frob,)

where v | r in K = Q(v/—x) with = (p;,q;,7) € C. The prime t splits completely
in K(1/p1p2,+/q1G2)/ K, and choosing a prime t’ above t in this larger field we have

Aty o(v, w) = (—1)Vs (W) Erebe)

On this larger field, each 1% (w) is a homomorphism because we obtain trivial Galois
action here, so we can then compute

[T Attea(v,w) = (—1)Teec vam(obe)
zeC

(—1)<Zwec P2 (w))(Frob,,)

= (—1)%Fip2.0102 (Frober) +x(Frober)
for some character x : Gg — Fy we discussed above, since

Z Vi (w) — Do pa.aigs = X € ker(d) = Hom(Gg, F2).
zeC

. o , or .
What can we say about this character x? Since we’ve made our ¢, . ,, unrami

fied, and ¢3(w) € Z}.(Gg, N(—z)[4]) so the sum ramifies at most at the primes di-
viding z. Hence this character x can only ramify at py, pa, g1, g2, 7. By our choice of
Y, note that when we restrict x to the absolute Galois group of K (y/p1pz2, /41, 42),
we have that x(Froby) = 0.

Now we wish to lift Frob. to a choice of Frobenius Frob, at r such that both
X(Frob,) = 0 and ¢}, . 4, (Froby) = ¢3F . (Frob,). The latter constraint is
trivial, since ¢y, . .. is unramified at r and so any choice of Frobenius lift gives
the same value.

Since v is totally split in K (\/p1pz,/q1G2)/ K, Frob, = Frob./, so we need only
choose Frob, € Gg to be a lift of Frob, € Gk such that x(Frob,) = x(Frob,) = 0.
Since K/Q is totally ramified, we are able to do this by choosing Frob, to be the
element Frob, € Gg. O

LECTURE 10

10. TO INFINITY AND BEYOND

‘We need a version of Theorem 9.2 for 16-rank and further. Let

C ={p1,p2} x {q1,q2} x {r1,r2} x {d}

and suppose that ¢, (w) € 4C1(é(\/_—x) [8] forallz € C. Fixlifts Y8 (w) € Z} (G, N(—x)[8])

for all z € C (i.e. elements such that 498 (w) = ¥, (w)).
For T C {1,2,3}, write Cr for the subcube where we fix the ith entry of the
triple to be option 2 for all i € T'. For example, Cyy 3y = {p2} x{q1, g2} x {ra} x {d}.
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Theorem 10.1. Assume that for all T C {1,2,3}
> 2Myi(w) € Map(Gg, N[2).

zeCr

Then with xo = prqirid, the function dg, (er()\{xo} 1/1§(W)) maps a pair (o,T)
to

Xpip2 (7) (Z 2¢§(W)(7)> + Xaia:(9) (Z 2¢§(W)(7)> + Xrir2(0) (Z 21/}3(“/)(7))

zeCy zeCy z€C3

+ Xpip2 ()X g1 (0) Z A (w)(7) | + Xp1p2 () X172 (0) Z A4 (w)(7)

ZL’GC{LQ} 160{113}

+ Xq1g2 (U)Xﬁ?’z (U) Z 41/}2 (W) (T)

:EGC{z,g}
Proof. See exercise sheet 4. [

Why do we want this? Well we want to say things like if you give me 4%(w) for
all x € C\ {zo} then I can define

S (w) =— Z Y% (w) + [acceptable correction factors|.
zeC\{zo}

Corollary 10.2. Assume that ) . 20Ty (w) = 0 for all nonempty T. Then

dey | D Wi(w) | =0

z€C\{zo}
and hence EIEC\{JZO} Vi (w) € Z'(Go, N(~2)[8]) and 4 ZmeC\{wo} P (W) =ty (w).
Proof. Immediate from theorem. O

This will give us that the product of the Artin pairing around C is exactly 1.
Take w = (0,0, 1, %), we want to find a simple function ¢ which also differentiates
to the large equation in Theorem 10.1, so that then this easier function is equal to
the sum of our ¥(w) (up to an acceptable error: the quadratic characters which
make up the kernel of the differential). Thinking about the individual terms in this
large expression, we can replace 2% (w) with % (w)

(D) Xpipa(0) (e, 205(W)) = Xpipa(0) (e, ¥2(W)) is known from the
previous layer to be able to be replaced by Xp,p, (7) @51 4.y (T)-

(2) Similarly, Xg,45(0) (Ssce, 205(W) = Xgu0a(0) (S, $A(W)) is known

from the previous layer to be able to be replaced by Xg,¢,(0)®p: p, i1y (T)-
(3) Things now change at the third term: x,,.,(0) (Z$603 ¢3(w)) has the

property that d (ercg Y2(w)) = 0 by Corollary 10.2. Indeed
(0, 7) = X—o ()1 (W)(T) — ¥ (w)(7)

— {0 if X—at(a) =+1
Yo (W)(7) = Xro(7) i X—a(0) = —1
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but since we are summing around a cube where r = r5 is fixed, we have an
even multiple of x,, (7) or zero, hence zero. Thus we will let our replacement
of this term be zero.

(4) Xpips(0)Xq1g2(0) erc{m} Yy (w)(7). The sum is just literally X,, + Xy,
and so we can exactly replace With Xp,p, (0)Xq142(F) X1 (T)-

(5) Thinking like before, we now get the sum being x,, + xr, and so we get
zero.

(6) Again we get xr, + Xr, for the sum which is now zero.

Hence we want to find ¢ : Gg — Fo which satisfies

d¢(0, T) = XP1P2 (0) 2{(]2,7‘1 T2 (T) + XCIl q2 (0) 2:;;2,7"17’2 (T) + Xplpz (U)qu q2 (U)XHTQ (T)

Good properties of such a ¢ (see Higher Genus Theory, Koymans—Pagano) that can
be shown are

® O|Go prrg,yaras) 15 @ quadratic character

e The Galois group (smallest extension through which it factors) is Fo[F3]

F2.
Moreover, we can choose ¢ =
This leads to the goal that

nr

\
P1D2,q102,m1m2 © Cl@(\/plpz,\/m q2,1/T172) [2] :

_
[T Artea(v, w) = (1) E:vfmmamnrira Frobe, o),
zeC

LECTURE 11

11. REPEATING REPEATED CAUCHY—SCHWARZ 11

Let’s now take ourselves away from the special case from the previous lectures
and start working on the proper full case. Let X = X7 x -+ x X,. be a good grid,
and R be a fixed r X r matrix over Fy such that
e ker;(R) has basis (1,1,...,1),vy,...,vs, and
e ker,(R) has basis (1,1,...,1),wq,..., Ws.
Our goal, is to show that Art, o is arandom matrix as x variesinY = {z € X : R, = R}.
Via orthogonality of characters, this is equivalent to showing that for every tuple
(€i,;) € F3** except for the all-zero tuple

Z ﬁﬁm(vi,wj)% = small.

r€X i=1j=1

There are two new steps compared to the special case from before.
e Fix all be three primes in X (i.e. fix indices i1,i2,43 and vary over the
Xi, x X;, x X;, part). It will be very important to choose i1, iz, i3 well.
e Prove some sufficient conditions for
2 2

IT1I Artd;;(;)/frk(x) (v,w) =1,

j=1k=1

where 7; : X — X is the projection, and d € H#j & X
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Theorem 11.1. Let p1,p} € Xy, p2,0h € X4y, and let d € []
that

itin in X;. Assume
Rapip, = Rap,p, = Rapyp, = Rapypy, = R

Let v € ker;(R) and w € ker,(R). Assume that
iy (V) = Ty (V) = Ty (W) = Ty (W) =0.

Then

Artdplpm?(v’ W) : Artdpll)fgﬂ(V? W) ’ Artdpllpzﬂ(vv W) : Artdl)'lplgﬂ(v? W) =+L

Proof. Recall that

Ve (W) = ZwiXTri(w)* € Zl(GQaNpD-
i=1
Fix lifts ¢¥i(w) € Z1(Gg, N(—x)[4]) with 2¢1(w) = ,(w). Set C = {d} x
{p1,P}} % {p2,p5}. We make use of the following two claims.

Claim 1: ) . v.(w) =0.
Proof: ZzEC ¢m(w) = ZmeC 22:1 Wi Xy (x)* = Z::1 Zzec Wi Xy (x)* = 0. O

Claim 2: d ()}, o ¥i(w)) =0.
Proof: Same as usual. O

By Claim 1 we know that Y . ¢3(w) is valued in N[2] and by Claim 2 it
satisfies the cocycle relation. Hence it is a quadratic character x ramified only at
p1pip2phd. Recall that if we write m;(z) for a prime above 7;(z) in Q(v/—z),

—~—

Arty o (v, w) = [[(=1)" P Erobee),

-

i=1

Hence

[T Arteatviw) = (- Beee veOEebne),
zeC i=1

Note that this notation is a bit deceptive, since m;(x) are all Frobenii in different
fields, which makes it hard to sum these 1), and replace them with x. Hence
we’d like to put them all over one base field and then sum these up. Note that each
7i(x) splits completely in the extension Q(\/p1p}, \/p2ph, vV—2)/Q(v/—x), and it is
an easy exercise to see that this top field is actually independent of x € C'. Let us
pick a prime m;(z)’ in this larger field, and note that Froby, 2y = Frobyg, ;) since
we are totally split. -

Now our Frobenii live in the same field. Moreover, x(Frob;(x)") is well defined
and independent of z € C away from i € {i1,i2}. Indeed, this follows from the
constant Rédei matrix since p;p| and pop) are squares locally at primes dividing d.
Hence, since v;, = v;, = 0 we can unambiguously write for every i € [r]

v; Z wi(w)(Frobm(x)/) = (Z wi(w)> (Frobg, (z)) = vix (Frobm(x)/)

zeC zeC
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Thus in our product we have:

T T

H(_l)vi 2eec wi(w)(FrobLm) _ H(_l)"-’i S acc Ya(w)(Frob, ()

i=1 i=1

Thus we conclude that the result holds. O

LECTURE 12

12. THE LARGE SIEVE AND ADDITIVITY

Pick a topological generator o, of If*™ for each odd v. Pick o0_1,09 € I, C Gy,
dual to x_1 and x2. We define

Qpr072 = U Ka
Gal(K/Q) 2-group
with Galois group
gpro—2 — Gal(QPTO_Q/Q)7
and let
& :={o, : vodd} U{o_1,02} C Gg.

Theorem 12.1. & is a minimal set of topological generators for GP*°~2,

Proof. S is a minimal set of topological generators if and only if S generates
Gal(K/Q) for every Galois K/Q of degree a power of 2, and for every element
o € S there exists such an extension K/Q such that S\ {o} does not generate
Gal(K/Q). For the latter condition, simply take Q(/p%), Q(v/—1) or Q(v/2) for
0 = 0p,0_1, Or 03 respectively. Hence it is sufficient for us to show that S generates
the Galois group of every Galois 2-extension.

A general fact about every p-group H is that

T C H generates H <= T generates H/®(H),

where ®(H) is the Frattini subgroup. Another fact in the case p = 2 is that
®(H) = H*[H, H].

These facts show that it is enough to check this in the maximal elementary
abelian 2-quotient, so hence in multiquadratic fields. This is clear. ([l

Corollary 12.2. For each a,b € Q*/Q*? such that (a,b), = +1 for all v, there is
a unique function qbﬁb : GPro~2 5 Ry such that

o do3y = Xa U Xp, and
e $3,(0) =0 forallo € &.

Proof. Pick some ¢, satisfying the first condition, which exists since x, U xs
represents the quaternion algebra (a, b) which is split everywhere locally and so by
the ABHN theorem is trivial in H?(Gg, u2).

The coboundary condition has already forced that ¢, (id) = 0, and by continuity
of ¢qp (i.e. only finitely many primes can ramify in a finite extension) we see that
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there are only finitely many o € & such that ¢,,(c) = 1. Hence we define our
element to be the following finite sum

Sob = bap+ Y Pab(0p)Xp + Gap(0-1)X-1+ bap(02)x2.
p odd
|

Corollary 12.3. Assume that (a,b1), = (a,b2), = +1 and (a1,b), = (az,b), = +1
for all places v, then

& _ ®
Pabiby = Paby, T Pabss

(] Y ) ]
ajaz,b — ¢a1,b + d)amb'

Okay so now we return to our aim from the beginning of the last lecture.

Theorem 12.4.

Z ﬁﬁm(vi,wj)% = small.

zeX i=1j=1
Proof. The left hand side and right hand side have the same d and correct normal-
isation at &.

Note that ¢, is a valid choice for ¢27, from our earlier work. Imagine for now,
that we can fix indices i1,12,43 so that after applying repeated Cauchy—Schwarz,
we can use exactly one application of Theorem 9.2 and then the other products go
to 1 via Theorem 11.1. In this case, we get

Z H H m(vi,wj)ei’j

z€X i=1j=1
=R

=

< Z | X, x X, X Xi3|3/4 Z (*1)%&:1?2&1'12 (Frobry )+ py a1 4 (Frobry)

de I X P1,Pp2€Xi,
11,0213 q1,92€ X5,
r1,m2€ X4

Rapq;r, =R
What do we need from our i1, 42,93 > imedium 10 order to get this?

e Iix g, jo such that e;, ;, = 1.

e Pick 1,192,143 such that for all i # iy we have

iy (Vi) = miy (Vi) = mig (vi) =0
and such that for all j # jg
Ty (WJ) = Ty (WJ) = Tig (WJ) =0.
e We have
(7Ti1 (Vio)’ Ty (Vi0)7 Tig (vio)) = (07 Oa 1)
e We have
(71—1'1 (Wj0)7 Ty (Wjo)7 Tig (Wjo)) = (07 1, 0)

1/8
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If we are unable to find such i;,i3,i3 (which should be a rare event!) then the
resulting R should be thrown out. Recalling our earlier inner sum

® ®
S = S(d) = E (—1)¢P1P2=Q1QQ (FrOb"'1)+¢P1p2,Q1<I2 (Froby, ) s
p1,p2€Xiq
q1,92€ X5,
r1,72€X,
Rap,q;r, =R
we have
¢ (Frob,., )+¢% (Frob.,.,)
S < g E (_1) P1P2,9142 1 P1P2,9142 T2\
P1E€XG p2€Xi;
q1€Xi, 42€X,
T1E€Xi, T2€X i,
Rap,q;r, =R
V(i,4,k)#(2,2,2)

where the condition that Rgp,q,», = R for all (i, j, k) # (2,2, 2) can now be absorbed
into coefficients a(ps2, q2), B(p2,r2),v(g2, r2) where these functions depend only on
the outer p1,q1,71.

Miracle: In fact if Rgp,q,r, = R for all (4,7, k) # (2,2,2) then in fact the final
one Rgp,g,r, 18 equal to R for free!

Final idea: Apply bonus repeated Cauchy—Schwarz on the inner sum, applying
additivity of our ¢® from Corollary 12.3, to bound it by

® ®
E E (—1)¢p2p3,m<13 (FrOb’"2)+¢p2P3,q2q3(FrOb”‘S)’
P1E€Xi, P2,p3€Xi,
1 E€X5, q2,93€ X,
r1E€Xi, r2,r3€X4

(p2p3,92q3)=1

pap3 ) _(p2r3)_q
r2 )\ r3 )

to which we can now apply the large sieve and get our saving!
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